n (π 1 (X)). The point we are making here is that the BrowderNovikov transversality construction of normal maps from CAT reductions of ν X applies equally well to finitely dominated Poincaré complexes X.
Given a space K let L 1,p n (K) be the bordism group of normal maps from compact ndimensional manifolds to finitely dominated Poincaré complexes equipped with a reference map to K, defined exactly as the geometric L-groups L 1 n (K) of §9 of Wall [19] . Our main result (Theorem 2.1) identifies L 1,p n (K) = L p n (π 1 (K)), by analogy with the identification L n (K) = L n (π 1 (K)) of §9 of Wall [19] (where L ≡ L s ). The projective L-groups L p n (π) have been previously interpreted geometrically by Maumary [6, 7] and Taylor [17] , using normal maps from paracompact manifolds to "open" Poincaré complexes (which are quite distinct from finitely dominated Poincaré complexes). The various interpretations are discussed and compared in §7.
Algebraic L-Groups
Given a group π and a group morphism w : π → {±1} let L s n (π) (resp. L h n (π), L p n (π)) be the algebraic L-groups defined for n (mod 4) using quadratic structure on bases (resp. f. g. free, f. g. projective) Z[π]-modules, with respect to the involution
The L s -groups are the original surgery obstruction groups of Wall [19] ; the L h -groups are due to Shaneson [14] ; the L p -groups are due to Novikov [8] . We recall the definitions of the various L-groups, as reformulated in Ranicki [12] . to identify M * * = M. Given also a f. g. projective A-module N there is defined a duality isomorphism
In particular, for N = M * , = ±1 ∈ A there is defined an -duality involution such that (1 + T )Ψ ∈ Hom A (M, M * ) is an isomorphism. An isomorphism of forms
is an A-module isomorphism f ∈ Hom A (M, M ) such that
The simple isomorphism classes of such forms (M, Ψ) with M based for which (1 + T )Ψ ∈ Hom A (M, M * ) is a simple isomorphism are in a natural one-one correspondence with the isomorphism classes of triples (M, λ :
A lagrangian of an -quadratic form over
In particular, for any f. g. projective A-module L there is defined the hyperbolic -quadratic form
with lagrangian L. An -quadratic form (M, Ψ) admits a lagrangian L if and only if it is isomorphic to the hyperbolic form H (L). A (non-singular) -quadratic formation over A (M, Ψ; F, G) is an -quadratic form over A (M, Ψ) together with an ordered pair of lagrangians (F, G). An isomorphism of formations
is an -quadratic formation such that F and G are based A-modules of the same rank r, and such that the resulting two bases of rank 2r for M differ by a simple automorphism, 
)to be the abelian group with one generator for each isomorphism class of (−) i -quadratic forms over Z[π], subject to the relations (M, Ψ) = 0 if (M, Ψ) admits a lagrangian, with addition and inverses by
Define L p 2i+1 (π) (i(mod 2)) to be the abelian group with one generator for each isomorphism class of (−) i -quadratic formations over Z[π], subject to the relations
with addition and inverses by 
The L s -groups are related to the L h -groups by the Rothenberg exact sequence
obtained by Shaneson [14] . The reduced Tate cohomology groupsĤ
the Whitehead group Wh(π) is regarded as a Z 2 -module by the duality involution * :
The L h -groups are related to the L p -groups by the exact sequence
obtained by Ranicki [12] . The reduced projective class group K 0 (Z[π]) is regarded as a Z 2 -module by the duality involution * :
Geometric L-groups
Given a CW complex K and a map
be the geometrically defined L-groups of §9 of Wall [19] , involving normal maps from compact manifolds to simple (resp. finite) Poincaré complexes. (Here, we are adopting the terminology regarding simple and finite Poincaré complexes suggested in the footnote on p. 23 of Wall [19] ). Let L 1,p n (K) be the L-groups defined in exactly the same way, but using normal maps from compact manifolds to finitely dominated Poincaré complexes. For the sake of completeness we spell out the definition of the appropriate "objects".
An "object" consists of the following: (1) 
Similarly for relations. For each of the superscripts q = s, h, p there are defined "surgery obstruction" functions
working as in §1, §5 and §6 of Wall [19] , the case q = s. Given a normal map (f, b) : M → X from a compact n-dimensional manifold M to a finitely dominated Poincaré complex X it is possible to perform surgery below the middle dimension as in Theorem 1. Wall [19] , except that now K i+1 (M 0 , ∂U) is a f. g. projective module, and there may not exist an automorphism α : of
Alternatively, the functions σ q * (q = s, h, p) may be defined using the chain complex method of Ranicki [13] .
It is proved in Corollary 9.4.1 of Wall [19] that for a CW complex K with a finite 2-skeleton the functions
are isomorphisms for n ≥ 5, q = s. The proof applies equally well for q = h, so that the functions σ h * are also isomorphisms for n ≥ 5. The stable 4-dimensional surgery technique of Cappell and Shaneson [1] applies to prove that σ
is an isomorphism for n ≥ 5, and a monomorphism for n = 4.
The proof of Theorem 2.1 must necessarily differ from the cases q = s, h, since there is no analogue of the π − π theorem of §4 of Wall [19] for normal maps from compact manifolds with boundary to finitely dominated Poincaré pairs. Our proof is by a 5-lemma argument applied to the morphisms of exact sequences
The relative cobordism groupsL 1,p,h n+1 (K) are defined to be the evident equivalence classes of "objects" consisting of: (1) 
) sends such an object to the image of
Lemma 2.2. Let K be a space with finitely presented fundamental group π 1 (K), which is equipped with a map π 1 (K) → {±1}, and let
We defer the proof of Lemma 2.2 to §3. First, let us deduce Theorem 2.1 from Lemma 2.2.
, so that Y is a finite n-dimensional Poincaré complex, and we have an element of L
and let Ψ : (P , N) → (Z, Y ) be the (n + 2)-dimensional normal map given by Lemma 2.2 with
Let φ = Ψ| : N → Y , and form the connected sum
Now φ bounds a normal map, so that Ψ and Ψ#φ represent the same element of L
, and by doing simultaneous 1-surgeries on P #N and Z#Y to ensure π 1 -isomorphisms to K we can apply the π − π theorem of §4 of Wall [19] to deduce that Ψ#φ represents 0. Hence φ represents 0, showing that σ
is a normal map of pairs to a finitely dominated n-dimensional Poincaré pair (Y, X) with X finite and π 1 (X) ∼ = π 1 (Y ) then the finite surgery obstruction σ
). See Pedersen [9] for an application of this observation.
Realizing Projective Classes
Let K, Q, n be as in the statement of Lemma 2.2. In view of the Browder-Novikov transversality construction of normal maps in order to prove Lemma 2.2 it suffices to exhibit an n-dimensional Poincaré pair (Z, Y ) with a CAT (= TOP, PL or DIFF) reduction of the Spivak normal fibration ν Z , and with a map Z → K such that
We now proceed to do just this. As π 1 (K) is finitely presented and n ≥ 5 there exists a compact n-dimensional CATmanifold with boundary (X, ∂X) equipped with a map X → K such that
By the realization theorem of Siebenmann [15] (proved by the method of infinite repetition)
there exists an open n-dimensional CAT manifold U with boundary ∂U = ∂X and a tame end such that 
Proof. As U × S 1 has 0 finiteness obstruction by the main result of Siebenmann [15] there
We shall produce a homotopy equivalence
from which it follows that (U; ∂U, V ) is a finitely dominated n-dimensional Poincaré cobordism with a CAT reduction of ν U . In the first instance we produce a homotopy equivalence 
Since any two system of neighborhoods are cofinal this functor is independent of the system of neighborhoods.
Now
Passing to the covers we have
Thus both the spaces V and V ×S 1 represent the functor lim i [−, U i ], and there is determined a unique homotopy class of homotopy equivalences V → V × S 1 . Next we give a geometric construction for a homotopy equivalence (
1 which restricts to one of the specified homotopy equivalences V → V ×S 1 . The map into S 1 is easily obtained, so we need only construct
Identify U − V with U × R. The map U × S 1 → U is defined to be the restriction of
, and on V × [0, η] to be the composite
The Splitting theorem
The L s -groups are related to the L h -groups by the splitting theorem
n−1 (π) (n(mod 4)) obtained geometrically by Shaneson [14] . Following Novikov [8] this was obtained algebraically by Ranicki [12] , along with the corresponding splitting theorem relating the
). The constructions of §2 and §3 can be used to also give a geometric proof of the latter theorem (for finitely presented π) i. e. to prove
. We contend ourselves with a geometric description of the maps involved.
The maps L
are the functorial splitting maps 1 induced by 321-363 (1986) ). such that θ| = identity : Q → ∂U and θ| : R → V is a homotopy equivalence. Define
Proper Manifold Theory
As noted in the Introduction a finitely dominated n-dimensional Poincaré complex X is such that X ×S 1 has the homotopy type of a compact CAT manifold (n ≥ 4) if and only if the Spivak normal fibration ν X admits a CAT reduction for which the corresponding normal map (f, b) : M → X has projective surgery obstruction σ X) ). Equivalently, the total projective surgery obstruction of X (as defined in Ranicki [11] ) is s(X) = 0 ∈ S p n (X)). We shall now characterize such Poincaré complexes in terms of homotopy type of certain open (n + 1)-dimensional CAT manifolds.
A proper n-dimensional CAT manifold (CAT = TOP, PL or DIFF) consists of:
is a homotopy equivalence, where c : M/Z → BZ = S 1 is the classifying map of the free Z-action, and M is a finitely dominated n-dimensional Poincaré complex. Proof. If X × S 1 is homotopy equivalent to a compact (n + 1)-dimensional CAT manifold N then the infinite cyclic cover N is a proper n-dimensional CAT manifold homotopy equivalent to X. The converse is obvious.
Theorem 5.1. A finitely dominated n-dimensional Poincaré complex X is such that X ×S

Projective Poincaré Surgery
Given a space K and a group morphism π 1 (K) → {±1} let Ω CAT n (K) (CAT = DIFF, PL or TOP) be the bordism group of maps M → K from compact n-dimensional CAT manifolds M for which the orientation map factors as w M :
We shall say that an n-dimensional Poincaré complex is of type q for q = s, h, p if it is simple, finite, finitely dominated respectively. Similarly for Poincaré pairs. Define the bordism group Ω q CAT n (K) of maps X → K from n-dimensional Poincaré complexes X of type q with a CAT reduction of the Spivak normal fibration ν X , such that w X :
The result of Levitt [5] 
admits the following generalization.
with (f, b) : M → X the normal map from a compact n-dimensional CAT manifold M obtained from the given CAT reduction of ν X by the Browder-Novikov transversality construction. Define an inverse map
to be the forgetful map on the first summand, and the following map on the second summand. By the isomorphisms σ 
with surgery obstruction
with Ω N n (K) = H n (K; MSG) the normal space bordism groups. We deduce from this and from Lemma 6.2: Theorem 6.3. If K is a CW complex with finitely presented π 1 (K) there is defined a braid of exact sequences 
The theory of Maumary [6, 7] is primarily concerned with the algebraic determination of the groups L h,open n (K), as follows. Let K 1 ⊃ K 2 ⊃ K 3 ⊃ · · · be a sequence of neighborhoods of infinity in K, so that each K i is cocompact and
where j * denotes the maps induced by the inclusions j :
(The problem of base points is solved by choosing an appropriate tree.)
Taylor [17] obtains the following realizability theorem for open surgery obstruction. We proceed with some specific computations of the L p,open * -groups, which will enable us to relate them to the geometric construction of the projective L-groups in §2.
Proof. In the first instance note that Wh(
Alternatively, this may be deduced from Theorem 7.2 by an inductive application of the usual π − π theorem.
We seek to exhibit isomorphisms for a finite CW complex K 
is an isomorphism for n ≥ 7.
Proof. Taylor [17] obtains an analogue of the Rothenberg exact sequence 
In view of the 5-lemma it now suffices to prove that the latter maps are isomorphisms. They are monomorphisms by Siebenmann [15] . To see that they are also epimorphisms represent an element of Remark. Using Maumary's work the isomorphism of Theorem 7.4 can be extended to n = 6.
